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In this paper, a new primal approximation
√
2-subdivision scheme for surface design, being
named the cross scheme or C-scheme for short, is presented. The C2-continuity of the C-
scheme is mathematically analyzed. The new scheme can be effectively applied to any 3D
mesh of quadrilaterals. Extraordinary vertices and miscellaneous boundary scenarios are
handled as well. Extensive implementation shows that it performs better than the classical
Catmull–Clark subdivision scheme both at nearby vertices and along the non-vertical and
non-horizontal directions.
© 2010 Elsevier Inc. All rights reserved.
1. Introduction
Recently, some new subdivision schemes for surface design have been introduced. These schemes have coined the names
of
√
2-subdivision (cf., e.g., [11,10]),
√
3-subdivision (cf., e.g., [9,8]),
√
5-subdivision (cf., e.g., [6]), and
√
7-subdivision (cf.,
e.g., [4]). In this paper, we present a new primal approximation
√
2-subdivision scheme for surface design. For convenience,
an
√
n-subdivision scheme for n being 2, 3, 5, or 7, can be simply read as a root-n-subdivision scheme.
The schemes are named
√
2 (or
√
3 ) because the number of vertices from current level to the next subdivision level
is roughly doubled (or tripled). Each
√
2-subdivision scheme is governed by a ﬁne-tuned sampling matrix of order 2. This
sampling matrix has integer entries, determinant 2 in absolute value, and all its eigenvalues are greater than one in modulus.
Certainly, there are plenty of such sampling matrices. However, from the computer graphics point of view, it is practically
useful to only consider those sampling matrices A satisfying A2 = 2I2, where I2 is the identity matrix of order 2, in order
to have 1-to-4 splits after two consecutive applications of a
√
2-subdivision scheme.
Without loss of generality, we will ﬁx and use A as, unless otherwise indicated, the symmetric quincunx sampling matrix,
namely:
A =
[
1 1
1 −1
]
. (1)
Of course, again, due to the fact that |det(A)| = 2, the number of vertices of a 3D mesh of quadrilaterals, to be called quads
for short, is roughly doubled after each level subdivision of a
√
2-subdivision scheme. On one hand, as mentioned earlier,
due to the fact that A2 = 2I2, two consecutive subdivisions of such a scheme is equivalent to the classical 1-to-4 split. On
the other hand, a subdivision scheme with the sampling matrix 2I2 does not necessarily correspond to a
√
2-subdivision
scheme (such as the classical Catmull–Clark scheme [2], CC-subdivision or CC-scheme for short). That is also one of the main
reasons why it is interesting and necessary to study
√
2 and other square root subdivision schemes. Certainly, the targets
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Fig. 1. The new cross subdivision scheme, to be called the C-subdivision or C-scheme for short, is applied to the Stanford bunny, with the initial quadrilateral
mesh in (a) generated from the original triangular mesh. Level-1, level-2, and level-3 in (b), (c), and (d) are the quadrilateral meshes after 1, 2, and 3 C-
subdivisions, respectively. Here the yellow color represents quadrilaterals at regular vertices, while the red color indicates quadrilaterals at extraordinary
vertices (EV). (For interpretation of the references to color in this ﬁgure legend, the reader is referred to the web version of this article.)
of
√
2-subdivision schemes are the polyhedra or 3D objects with the surface constructed in quadrilateral mesh. For 3D
triangular meshes, other schemes such as the
√
3-subdivision schemes may be used. However, any surface in triangular
or mixed mesh can be easily converted into a surface in quadrilateral-only mesh by using the common trick: inserting
the centroid or average of all the vertices of each polygonal face as a new vertex and connecting the centroid to the middle
point of each side of the polygonal face. From this point of view, the
√
2-subdivision schemes can also be applied to
subdivide triangular surfaces. Fig. 1(a) is a 3D mesh (in quads) generated in this way from the original Stanford bunny [26]
3D mesh (in triangles).
There are two families of
√
2-subdivision schemes, being named the primal and the dual
√
2-subdivision schemes. Fig. 2
shows the topological splits of both primal and dual
√
2-subdivision schemes, where Fig. 2(a) is the initial mesh with
vertices as solid dots, and the circled dots are the new vertices for the next level, if a primal
√
2-subdivision scheme is
applied. These new circled vertices may not be exactly at the centroid or average of the four vertices of each quadrilat-
eral. Figs. 2(b) and 2(c) illustrate meshes after two consecutive applications of a primal
√
2-subdivision scheme. Similarly,
if Fig. 2(d) is the initial mesh with vertices as solid dots, the circled dots are the new vertices for the next level, if a
dual
√
2-subdivision scheme is applied. We also remark that these new vertices are not necessarily the midpoints of edges
on all quads. Figs. 2(e) and 2(f) illustrate meshes after two consecutive applications of a dual
√
2-subdivision scheme.
The topological split of the primal schemes can be viewed as the primal quadrilateral quadrisection and that of the dual
schemes can be viewed as the dual quadrilateral quadrisection [28,17]. The geometric rule of the former is circular sym-
metric while the geometric rule of the latter is along each edge and is indeed symmetric along each edge. Peter and Reif
studied the simplest dual subdivision scheme for smoothing polyhedra in [18] and Chapter 6 in [19], with a new poly-
hedron being constructed by connecting every edge-midpoint to its four neighboring edge-midpoints. By doing so, the
limiting surface is C1 piecewise quadratics except at a ﬁnite number of isolated points. There are many other dual schemes,
though. As simple examples, all
√
2-schemes induced from the 4-directional box-splines Md,d,d,d for even d’s are dual (see
Section 2).
The close relationship between reﬁnable functions in wavelet theory and subdivision schemes for surface design makes
it possible to recover some existing classical schemes easily. Meanwhile, new schemes can be generated or induced from
appropriate new reﬁnable functions. One of the advantages of doing so is the smoothness analysis of the limiting surface
near regular vertices can be easily done by using the smoothness of the corresponding underlining reﬁnable functions. Our
new cross scheme, or C-scheme for short, corresponding to our new reﬁnable functions performs better than the benchmark
CC-scheme both at nearby vertices and along the non-vertical and non-horizontal directions.
For a clear presentation, we will put forward, in Section 2, a more explicit illustration of the primal
√
2-subdivision by
using the C-scheme, which will be introduced later in Section 4. This is dedicated to an easier algorithmic treatment of how
to recompute the positions of newly created vertices, by using the symmetric quincunx sampling. Some brief theoretical
preliminaries and notations are in Section 3. Section 4 presents our newly developed C-scheme. Section 5 analyzes the
smoothness at regular vertices and around extraordinary vertices (EV). Section 6 demonstrates the use of C-scheme to
different 3D meshes. Section 7 constitutes the conclusion.
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Fig. 2. (a), (b), (c) and (d), (e), (f) represent the topological splits of the primal and dual
√
2-subdivision schemes, respectively.
2. Illustration of
√
2-subdivision
As we have discussed in Section 1, a
√
2-subdivision scheme is different from a classical 1-to-4 split scheme such as
the CC-scheme. To facilitate our presentation, we illustrate in this section in a great detail of a
√
2-subdivision scheme by
applying our C-scheme to a 2D rectangular mesh consisting of 8× 8 regular rectangles.
First, the next level vertices of a
√
2-subdivision scheme, called new vertices, are generated from the old ones. There are
two families of new vertices: M-vertices and V-vertices. An M-vertex is somewhere within a quadrilateral (rectangle in 2D),
and a V-vertex is near an old vertex. Again, an M-vertex is not necessarily the geometrical “middle” of a quadrilateral, and
a V-vertex may not be “on top of” an old vertex. See Fig. 3. Here, the old vertices are marked in solid green ; only one
sample of new M-vertices marked, at the left-upper corner and in red circles ( ). The position of the new M-vertex is
calculated by weighted averages of surrounding twelve old vertices, marked in squares ( and ). With weights described
and displayed in Fig. 8(b) in Section 4, the four inner-ring weights are all the same, namely, 7/32; and the eight outer-ring
weights are all the same too, i.e., 1/64.
By using the markers to represent each vertex, with subscripts indicating the numbering of the old vertices being used,
this calculation can be simply formulated by
M
= 7
32
(
1 + 2 + 3 + 4
)+ 1
64
(
1 + 2 + · · · + 8
)
.
Meanwhile, the position of a sample new V-vertex at the right lower corner, marked in a red diamond ( ), is evaluated
by another weighted averages, using the current old vertex and surrounding eight other old vertices, marked in dark squares
too. With weights from Fig. 8(a) in Section 4, where n = 4, the weight at the current old vertex is 3/8; weights at the
horizontal and vertical old vertices are 1/8; while weights at the four old corner vertices are 1/32 each. This can also be
simply illustrated by the following formula,
V
= 3
8
(
old vertex “underneath” the diamond
)+ 1
8
(
left + right + upper + lower
)
+ 1
32
(
left upper + left lower + right lower + right upper
)
.
Second, an extraordinary vertex, called EV-vertex for short, is either an interior vertex with valence not equal to 4 or a
boundary vertex. Two sample EV-vertices are shown in Fig. 3, marked in triangle ( ) and hexagon ( ). Their surrounding
old vertices are marked in squares ( and ). Their positions are computed based on Fig. 9(a) with n = 3, and Fig. 9(b)
with m = 2 and n = 0 in Section 4, namely,
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EV =
3
8
(
old vertex “underneath” the triangle
)+ 5
28
(
left + top + right
)+ 5
112
(
left upper + right upper
)
,
EV
= 3
8
(
old vertex “underneath” the hexagon
)+ 5
18
(
left + lower
)+ 5
72
(
left lower
)
.
New M-vertices near EV-vertices can be recomputed in a completely similar manner. See Figs. 10(a)–10(c) in Section 4 for
more details.
Third, all new M- and V-vertices are recomputed in the same manner, as shown in Fig. 4, where all M-vertices are
marked by circles ( ), and all V-vertices are revealed in diamonds ( ). For illustration purposes, we left some old
vertices intact, marked in small green circles, and also kept the old horizontal and vertical grid lines.
Finally, the new 3D mesh, only 2D here though, is formed by connecting all new M- and V-vertices “diagonally”, as
shown in Fig. 5. The number of vertices in the next level mesh is roughly doubled from that in the current level after the
subdivision. The diagonal feature of the mesh is the natural consequence of using the symmetric quincunx matrix sampling.
As simple examples, with the sampling matrix A in (1), it is easy to see that
A−1
{[
0
0
]
,
[
1
0
]
,
[
1
1
]
,
[
0
1
]}
=
{[
0
0
]
,
[
1/2
1/2
]
,
[
1
0
]
,
[
1/2
−1/2
]}
.
That is, A−1 translates the unit square with vertices at (0,0), (1,0), (1,1), and (0,1) into the square with vertices at (0,0),
(1/2,1/2), (1,0), and (1/2, −1/2), whose area is exactly one and half of the original square.
To illustrate this fact, we simply demonstrate by a non-uniform 3D mesh in Fig. 6(a), with a new mesh illustrated by
Fig. 6(d).
Next, to quickly move on to what we want to establish, we brieﬂy illustrate
√
2-subdivision by applying our new C-
scheme to a simple 3D quadrilateral mesh, the square hat shown in Fig. 7(a). The only nonzero z-value of the mesh is at the
center of the 2D rectangular mesh we have used in Figs. 3–5. The red quads are those with EV-vertices, which are handled
separately, as we will describe in Section 4. Only level-1, level-3, and level-5 meshes by using our C-scheme are shown in
Figs. 7(b), 7(c), and 7(d).
3. Preliminaries and notations
One of the remarkable features of wavelets is its capability of multiresolution analysis. This feature, in turn, is reﬂected
by their corresponding reﬁnable functions, also called scaling functions or father wavelets in the wavelet literature. They have
a very close relationship with almost all subdivision schemes developed so far in computer graphics. On one hand, these
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Fig. 5. Forming new mesh from new M- and V-vertices.
classical schemes were well developed way before the introduction and rapid development of wavelets since 1980s. On the
other hand, it is interesting to notice that all the classical schemes can be easily re-discovered from the construction of
appropriate reﬁnable functions. To establish some new
√
2-subdivision schemes induced from reﬁnable functions, we deﬁne
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Fig. 6.
√
2-Subdivision scheme is applied to a generic quadrilateral mesh.
(a) Level-0 mesh (b) Level-1 mesh
(c) Level-3 mesh (d) Level-5 mesh
Fig. 7.
√
2-Subdivision scheme is applied to a simple 3D quadrilateral mesh.
the necessary preliminaries in this section. We remark here that some of the information in this section applies to any
arbitrary sampling matrix A.
3.1. 2D reﬁnable functions
To be more speciﬁc towards developing our new
√
2-subdivision scheme, we deﬁne the reﬁnable function with the
symmetric quincunx sampling matrix in (1). Let φ be a 2D reﬁnable or scaling function with the symmetric quincunx
sampling matrix A in (1), satisfying
φ(x) =
∑
k∈Z2
pkφ(Ax− k), x ∈R2, (2)
where x = [x, y] for (x, y) ∈ R2, the usual 2D plane; zk = zk11 zk22 for z = [z1, z2] and k = [k1,k2] ∈ Z2, the space of all
points of the 2D plane with both x- and y-coordinates as integers. By taking the Fourier transforms both sides on (2), we
arrive at
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P (z) = 1
2
∑
k∈Z2
pkz
k, (4)
where e[ω1,ω2] = [eω1 , eω2 ]; A− is the transpose of A−1 (the inverse matrix of A); and P in (4) is φ’s two-scale symbol.
The coeﬃcients {pk}k∈Z2 of P are called the two-scale sequence of φ, which are used for the weights of its corresponding
subdivision scheme, as described immediately in the following.
3.2. From two-scale symbols to subdivision schemes
A subdivision scheme for surface design corresponding to a 2D reﬁnable function φ in (2) is formulated by φ’s two-scale
symbol P in (4), namely: for n ∈ Z2+ and k ∈ Z2,
λ
(n+1)
Ak =
∑
∈Z2
pAλ
(n)
k−, (5)
λ
(n+1)
Ak+[1,0] =
∑
∈Z2
pA+[1,0]λ
(n)
k−, (6)
where {λ(0)k }k∈Z2 is the collection of vertices of the initial 3D mesh. Observe from (5) and (6) that {Ak}k∈Z2 and
{Ak+ [1,0]}k∈Z2 together cover all indices of all vertices in each new level.
3.3. Recovery of some classical schemes by using reﬁnable functions
Two immediate examples of reﬁnable functions are the classical Catmull and Clark [2] and Doo and Sabin [5] subdivision
schemes for surface design, which were induced from the tensor-products of cubic B-splines. In fact, if B4 is the cubic and
B3 the quadratic B-splines and let φCC and φDS be the corresponding reﬁnable functions, then φCC(x) = B4(x)B4(y) and
φDS(x) = B3(x)B3(y) are both 2D reﬁnable functions with respect to the sampling matrix 2I2 and satisfy
φ̂CC(ω)
φ̂CC(ω/2)
= PCC(z) =
(
1+ z1
2
)4(1+ z2
2
)4
, (7)
φ̂DS(ω)
φ̂DS(ω/2)
= PDS(z) =
(
1+ z1
2
)3(1+ z2
2
)3
, (8)
with ω = [ω1,ω2] and z = [z1, z2] = [e−iω1/2, e−iω2/2] . Notice that the CC-scheme induced from φCC in (7) is primal
while the Doo–Sabin scheme induced from φDS in (8) is dual.
As another example, a classical family of such reﬁnable functions with sampling matrix A in (1), is the four-directional
box spline Md,d,d,d [1,21], which is deﬁned via its Fourier transform by
M̂d,d,d,d(ω) =
(
1− e−iω1
iω1
)d(1− e−iω2
iω2
)d(1− e−i(ω1+ω2)
i(ω1 + ω2)
)d(1− e−i(ω1−ω2)
i(ω1 − ω2)
)d
, (9)
where d is a positive integer and Md,d,d,d is completely determined from the d-tuple of the four directions
e1 = [1,0], e2 = [0,1], e3 = [1,1], e4 = [1,−1]. (10)
It is easy to see from (3), (4), and (9) that the two-scale symbol of Md,d,d,d , denoted by Pd,d,d,d , is simply given by
Pd,d,d,d(z) =
(
1+ z1
2
)d(1+ z2
2
)d
. (11)
Certainly, the parity of d determines whether the corresponding subdivision scheme is primal or dual. In addition, all
subdivision schemes induced from the two-scale symbols Pd,d,d,d in (11) are approximation schemes.
If the box spline determined by using the three directions e1, e2, and e3 a couple of times each, denoted by M2,2,2, we
arrive at the Loop scheme [15] for triangular meshes. It is clear that M2,2,2 is reﬁnable with respect to 2I2, and a direct
calculation leads to the two-scale symbol of M2,2,2, denoted by P2,2,2:
P2,2,2(z) = M̂2,2,2(ω)
M̂2,2,2(ω/2)
= z−21 z−22
(
1+ z1
2
)2(1+ z2
2
)2(1+ z1z2
2
)2
,
z = [z1, z2] =
[
e−iω1/2, e−iω2/2
]
.
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interpolation and approximation schemes. A crucial fact is that any interpolation scheme can be developed based on an
interpolatory reﬁnable function, which will be elaborated in the following.
3.4. Interpolatory schemes from interpolatory reﬁnable functions
A 2D reﬁnable function φ in (2) is interpolatory if it satisﬁes
φ(k) = δk,0, k ∈ Z2, (12)
where δk,0 is the usual Kronecker delta, meaning δk,0 is 1 when k= [0,0] and 0 otherwise. Similar to the 1D setting, (12)
is equivalent to that the two-scale symbol P of φ satisﬁes
P (z) + P (−z) = 1, |z1| = |z2| = 1. (13)
By the polyphase expression of P , namely,
P (z) = 1
2
∑
k∈Z2
pAkz
Ak + 1
2
z1
∑
k∈Z2
pAk+[1,0]zAk,
the identity (13) is equivalent to
P (z) = 1
2
(
1+
∑
k∈Z2, |k|=odd
pkz
k
)
, (14)
where |k| = k1 + k2 for k= [k1,k2] ∈ Z2.
3.5. Smoothness of reﬁnable functions
To a large extent, the smoothness of a reﬁnable function φ in (2) is affected by its polynomial preservation order. We say
φ has polynomial preservation of order m, φ ∈ PPm for short, if all monomials of two variables of total degree up to m − 1
can be expressed as linear combinations of the integer translates of φ, i.e.,
xα ∈ SpanL2
{
φ(· − k): k ∈ Z2},
α = [α1,α2] ∈ Z2+; |α| = α1 + α2 m − 1. (15)
For a compactly supported φ, φ ∈ PPm is equivalent to the sum rule order m of φ’s two-scale symbol P , denoted by P ∈ SRm .
The latter means {pk}k∈Z2 satisﬁes both∑
k∈Z2
pAk =
∑
k∈Z2
pAk+[1,0] = 1 (16)
and
∑
k∈Z2
(Ak)α pAk =
∑
k∈Z2
(
Ak+
[
1
0
])α
pAk+[1,0] , 1 |α|m − 1, α ∈ Z2+, (17)
where α = [α1,α2] ∈ Z2+ , meaning α1,α2 ∈ Z and α1,α2  0.
Turning back to the sampling matrix A in (1), P ∈ SRm satisﬁes (16)–(17) if and only if P satisﬁes both
P (1) = 1, (18)
and
Dαz P (z)
∣∣
z=−1 = 0, (19)
for α = [α1,α2] ∈ Z2+ with |α| = α1 + α2 <m, where 1 = [1,1] , and Dαz = ∂α1∂α2/(zα11 zα22 ) when z = [z1, z2] . For more
equivalent conditions on P ∈ SRm with other sampling matrices, refer to, e.g., [12–14], and references therein. It is clear
that the box spline Md,d,d,d in (9) satisﬁes Md,d,d,d ∈ PP2d with respect to the sampling matrix A in (2).
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Fig. 8. (a) and (b): V - and M-masks of the C-scheme, a primal approximation
√
2-subdivision scheme induced from P in (21) when  = 2.
3.6. Limiting surfaces in terms of reﬁnable functions
It is known that, with an ideal initial mesh, meaning that the initial mesh is only consisted of {λ(0)k }k∈Z2 , and with con-
stant valence 4 at all vertices, the limiting surface of the subdivision scheme (5)–(6) can be expressed as linear combinations
of integer shifts of φ with coeﬃcients {λ(0)k }k∈Z2 , namely,
S(x) =
∑
k∈Z2
λ
(0)
k φ(x− k). (20)
4. The new C-scheme
There is no doubt that box splines [1] play an important role in the development of surface subdivision. Generally
speaking, box splines are the ad hoc source for subdivision schemes. Though they inspire some crucial development in
computer graphics, not all effective subdivision schemes for surface design are related to box splines, as demonstrated by
the theorem in the following.
Theorem 1. A family of primal approximation
√
2-subdivision scheme with circular symmetry but with the highest possible smooth-
ness is determined from the following P ∈ SR4−2
P (z) = z1−1 z1−2
(
1+ z1
2
)2−2(1+ z2
2
)2−2[1
2
(
1+ 1
4
(
z1 + z2 + z−11 + z−12
))]
, (21)
for  = 1,2, . . . .
Proof. For P to have circular symmetry, all coeﬃcients of zα = zα11 zα22 must share the same value for all α = (±|α1|,±|α2|)
or α = (±|α2|,±|α1|). So if supp P ⊂ [−, ]2, the factor
z1−1 z
1−
2
(
1+ z1
2
)2−2(1+ z2
2
)2−2
generates all coeﬃcients for P on [−(−1), −1]2. It follows from (18) and (19) that this factor of P guarantees P ∈ SR4−4.
Meanwhile, the factor
1
2
(
1+ 1
4
(
z1 + z2 + z−11 + z−12
))
will further extend the coeﬃcients for P to [−, ]2 except its four “corners”, which also makes P ∈ SR4−2 from (18)
and (19). 
Observe that, ﬁrst of all, the corresponding reﬁnable functions determined by P in (21) for any  ∈ Z+ is not a box-spline.
Their supports are larger than those of the 4-directional box-splines M2−2,2−2,2−2,2−2. The order of PP of the former
is 2 higher than that of the latter. Secondly, the bigger the  in (21), the smoother the corresponding reﬁnable functions.
Thirdly, the most interesting case is the P in (21) when  = 2, denoted the corresponding two-scale symbol, in particular,
by P two:
P two(z) = z−11 z−12
(
1+ z1)2(1+ z2)2[1(1+ 1 (z1 + z2 + z−11 + z−12 )
)]
. (22)2 2 2 4
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with valence n, where α = 52(5n−1)
and β = 58(5n−1)
(b) V-mask at a corner vertex with two separate
pieces and valences m and n, where
α1 = 5m2(m+n)(5m−1) , β1 = 5m8(m+n)(5m−1) ,
α2 = 5n2(m+n)(5n−1) , and β2 = 5n8(m+n)(5n−1)
Fig. 9. V-masks of the C-scheme at boundaries.
We name the corresponding subdivision scheme induced from P two in (22) the cross scheme, or C-scheme for short, as we
have already mentioned earlier, due to its M-mask shape in Fig. 8(b). We remark here that the 4–8 subdivision [27] was
induced from the two-scale symbol of the box-spline M2,2,2,2, namely, P2,2,2,2(z)/(z1z2), where P2,2,2,2 is given by (11)
with d = 2. Our C-scheme is given, more explicitly, by
λ
(n+1)
Ak =
3
8
λ
(n)
k +
1
8
(
λ
(n)
k+[1,0] + λ
(n)
k−[1,0] + λ
(n)
k+[0,1] + λ
(n)
k−[0,1]
)
+ 1
32
(
λ
(n)
k+[1,1] + λ
(n)
k−[1,1] + λ
(n)
k+[1,−1] + λ
(n)
k−[1,−1]
)
, (23)
λ
(n+1)
Ak+[1,0] =
7
32
(
λ
(n)
k + λ(n)k+[1,0] + λ
(n)
k+[0,1] + λ
(n)
k+[1,1]
)+ 1
64
(
λ
(n)
k−[0,1] + λ
(n)
k−[1,−1] + λ
(n)
k+[0,2] + λ
(n)
k+[1,2]
+ λ(n)
k+[2,1] + λ
(n)
k+[2,0] + λ
(n)
k+[1,−1] + λ
(n)
k−[0,1]
)
, (24)
where k ∈ Z2 and n ∈ Z2+ . These weights are from the coeﬃcients of the polynomial P two(z) in (22), with the help of
formulations in (5)–(6).
In Fig. 8 we plot the masks of the C-scheme, where V-mask denotes weights at a new vertex, called a V-vertex, from
an old vertex, and M-mask denotes weights in the “middle” of a quadrilateral, called a M-vertex. The V-mask in Fig. 8(a)
takes care of generic scenario for arbitrary valence n. When n = 4, Fig. 8(a) coincides with (23). The M-mask in Fig. 8 is
from (24).
We also plot in Fig. 9(a) the V-masks for the C-scheme along boundaries with vertices having valence n, and in Fig. 9(b)
the V-masks for two separate pieces of a given mesh connected at a single boundary or corner vertex, with valences m and
n on both sides.
In Figs. 10(a)–10(c), we plot corner M-masks of our C-scheme along with boundaries with 4, 2, and 3 quads, respectively.
5. Smoothness analysis of C-scheme
With an ideal initial mesh, meaning that the initial mesh is consisted of {λ(0)k }k∈Z2 , and with constant valence 4 at all
vertices, the limiting surface of the subdivision scheme (5)–(6) can be expressed as linear combinations of integer translates
(or shifts) of φ with coeﬃcients {λ(0)k }k∈Z2 , namely,
S(x) =
∑
k∈Z2
λ
(0)
k φ(x− k). (25)
So the smoothness of a 2D
√
2-subdivision scheme is the same as that of its corresponding reﬁnable function. For instance,
the smoothness of a
√
2-subdivision scheme induced from a box spline is determined by that of the box spline itself. To
describe the smoothness of a (non-box spline) reﬁnable functions φ in Section 4, we use the notion of Sobolev exponent.
Denote by ν(φ) the Sobolev exponent of a function φ of 2 variables, namely,
ν(φ) = sup{ν: φ ∈Wν(R2),  = 1, . . . , s},
where
W
ν
(
R
2)= { f : ∫
2
(
1+ |ω|2)ν ∣∣ f̂ (ω)∣∣2 dω < ∞}.R
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Fig. 10. M-masks of the C-scheme at boundaries.
(a) Level-6 C-subdivision (b) Level-3 CC-subdivision
(c) Level-8 C-subdivision (d) Level-4 CC-subdivision
Fig. 11. C-scheme is applied to a 4-cube seat mesh. Level-6 and level-8 C-subdivisions are shown in (a) and (c). Level-3 and level-4 CC-subdivisions are
shown in (b) and (d). Here, the initial mesh was kept in both (a) and (b), to see the behavior of the C-scheme and CC-scheme.
Let φp6 be the reﬁnable functions determined by the two-scale symbols P two in (22). With the Matlab routines in [7],
we calculated the Sobolev exponent of the reﬁnable function φp6 as
φp6 ∈W6.0000. (26)
Hence, it has at least C2-continuity.
The smoothness analysis around an irregular V-, M-, or EV-vertex can be done by using the eigenvalues of its subdivision
matrix (cf., e.g., [23,24,20,22,25,16,3]). More precisely, for instance, let p1, . . . ,pn be the vertices near an EV-vertex at current
(old) level, and let q1, . . . ,qn be the vertices near the EV-vertex at next (new) level. There exists a subdivision matrix M
such that
[q1, . . . ,qn] = M[p1, . . . ,pn].
Roughly speaking, the eigenvalues of M of the form 1,1/2,1/2, λ, . . . , with 1/2> |λ| > · · · , will be suﬃcient for C1 smooth-
ness. Our V-masks in Figs. 9(a)–9(b), M-masks in Figs. 10(a)–10(c), and EV-mask in Figs. 8(a)–8(b) are derived based upon
this criteria. To prevent an unnecessary lengthy presentation, we have omitted all details here.
6. Implementation of the C-scheme
The C-scheme can be easily implemented by following the following four steps.
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Fig. 12. The comparison of the level-2 CC-subdivision and level-4 C-subdivision for the Stanford bunny.
(a) Level-4 C-subdivision (b) Level-2 CC-subdivision
(c) Level-6 C-subdivision (d) Level-3 CC-subdivision
Fig. 13. C-scheme is applied to a hollowcube. Level-4 and level-6 C-subdivisions are shown in (a) and (c). Level-2 and level-3 CC-subdivisions are shown in
(b) and (d). Here, the initial mesh was kept in both (a) and (b), to monitor the behavior of the C-scheme and CC-scheme.
Step 1 (Prepare initial mesh). The mesh must be quads in order to use the C-scheme. Non-quadrilaterals can be converted
to quadrilaterals by inserting the centroid or average of all the vertices of such a polygonal face as a new vertex, and
connecting the centroid to the middle point of each side of the polygonal face.
Step 2 (Generate M-vertices). Evaluate all M-vertices for the new mesh using stencil or M-mask in Fig. 8(b) for regular
interior vertices (meaning there are 4 quads available surrounding the current quad), and using V-masks in Figs. 10(a)–10(c)
for EV-vertices (if there are no 4 quads available nearby).
Step 3 (Generate V-vertices). Calculate all V-vertices for the new mesh using V-mask with valence n in Fig. 8(a) for interior
vertices, and using V-masks in Figs. 9(a)–9(b) for EV-vertices.
Step 4 (Generate new 3D mesh). There are two new M-vertices, calculated in Step 2, along each interior edge of the current
3D mesh, and two new V-vertices, calculated in Step 3, at the endpoint positions of the edge. The line segments formed by
the two new M-vertices and the two new V-vertices are exactly the two diagonals of a new quadrilateral. New quads near
EV-vertices can be formed accordingly. A new 3D mesh is ready after all new quads are formed.
Below we select ﬁve examples to demonstrate the performance of the C-scheme. The quads surrounding EV-vertices in
the examples are marked in red. To compare with the CC-scheme, we also apply the CC-subdivisions to all our examples.
Notice that a level-2n C-subdivision is only comparable with a level-n CC-subdivision.
The ﬁrst one is a 4-cube seat-shape polyhedron with 20 vertices and 18 quads. Fig. 11 shows the comparison of applying
the C-scheme and CC-scheme to the same object, respectively, where we plotted the original, as well as the resulting
“surfaces” after the level-6 and level-8 subdivisions, and with 1,154 and 4,610 quads, respectively, in Figs. 11(a) and 11(c).
Figs. 11(b) and 11(d) are level-3 and level-4 CC-subdivisions, with 1,152 and 4,608 quads, respectively.
The second polyhedron is a 3D hollowcube with 472 vertices and 480 quads. See Fig. 13 for the results of level-4 and
level-6 C-subdivisions, and with 7,680 and 30,720 quads, respectively, in Figs. 13(a) and 13(c). Figs. 13(b) and 13(d) are
level-2 and level-3 CC-subdivisions, with 7,680 and 30,720 quads, respectively.
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(c) Level-8 C-subdivision (d) Level-4 CC-subdivision
Fig. 14. C-scheme and CC-scheme are applied to a regular octahedron. Level-6 and level-8 C-subdivisions are shown in (a) and (c). Level-3 and level-4
CC-subdivisions are shown in (b) and (d). Here, the initial mesh was kept in both (a) and (b) to monitor the different behaviors of the two schemes.
(a) Level-6 C-subdivision (b) Level-3 CC-subdivision
(c) Level-8 C-subdivision (d) Level-4 CC-subdivision
Fig. 15. C-scheme and CC-scheme are applied to a 4-kite-faced tetragonal trapezohedron. Level-6 and level-8 C-subdivisions are shown in (a) and (c). Level-
3 and level-4 CC-subdivisions are shown in (b) and (d). Here, the initial mesh was kept in both (a) and (b) to monitor the approximation behaviors of the
two schemes.
The third polyhedron is the regular octahedron with 6 vertices and 8 triangular faces. To apply a subdivision schemes for
quads, we quadrilateralize the triangulation (connecting the centroid of each triangle to the midpoints of its sides) to form
a 3D mesh with 26 vertices and 24 quads. See Figs. 14(a) and 14(c) for the results after 6- and 8-subdivisions with 1,536
and 6,144 quads, respectively, when the C-scheme is applied. For the comparison purposes, results of level-3 and level-4
CC-subdivisions are shown in Figs. 14(b) and 14(d).
The fourth polyhedron is the 8-face tetragonal trapezohedron with 10 vertices and 8 quads. See Figs. 15(a) and 15(c) for
the results after 6- and 8-subdivisions with 512 and 2,048 quads, respectively, when the C-scheme is applied. Again, for
comparison purposes, results of level-3 and level-4 CC-subdivisions are shown in Figs. 15(b) and 15(d).
As demonstrated in both Figs. 14 and 15, we point out that the surfaces resulting from the C-scheme are “hulls” or
“truncates” while surfaces resulting from CC-scheme are strictly “inside” of the initial (convex) mesh.
Finally, we demonstrate our C-scheme by applying it to the Stanford bunny [26]. After quadrilateralization, the initial
3D mesh has 2,764 vertices and 2,844 quads, as shown in Fig. 1(a). See Figs. 1(b), 1(c), and 1(d) for the results of level-1,
level-2, and level-3 C-subdivisions, and with 5,744, 11,584, and 23,451 quads, respectively. To further demonstrate the
behavior of the C-scheme along non-vertical and non-horizontal directions, and compare with the CC-scheme, we plot the
level-2 CC-subdivision and level-4 C-subdivision in Figs. 12(a) and 12(b), with 45,504 and 47,451 quads, respectively.
7. Conclusion
A new primal approximation
√
2-subdivision scheme, called C-scheme, or C-scheme for short, was established and the
smoothness of its corresponding limiting surfaces are studied. By using the notion of reﬁnable functions from the wavelet
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is the C-scheme simple but also it is straightforward to be applied to effective surface design for any initial 3D mesh with
surface being quads. The number of quads is roughly doubled after each application of the C-scheme, which is different from
the Catmull–Clark scheme (or CC-scheme) where the number of quads was quadrupled after each subdivision. From this
point of view, the C-scheme may ﬁll the “gap” between two consecutive applications of a 1-to-4 split subdivision scheme.
Extensive examples have shown that our C-scheme performed better than the benchmark CC-scheme both at nearby vertices
and along the non-vertical and non-horizontal directions. We plan to (1) further pursuit and compare the C-scheme with
other square root subdivision schemes such as
√
3-,
√
5-, and
√
7-subdivision schemes, both old and new; and (2) analyze
in detail the smoothness around extraordinary vertices (EV).
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